Exam 3 Review

1. Find the radius of convergence and interval of convergence for the series.

”4” n n nlz" = n2z"
Z L b. Z 2"(55_1) c. 2135 e Z—:1m

2. Suppose that cha: converges when r = —4 and diverges when x = 6. What

=0
can be said about the convergence or divergence of the following series?

n=0

a. zocn b. > c,8" Zocn(—?))" d. Zocn(—l)”9”

(0.9]
3. Let S(z) = > c¢,2" be a power series with radius of convergence R and suppose
n=0
that S(z) converges when x = 2 and diverges when x = —7. Which of the following

conclusions must be true?

a. The series ¢y — c¢; + co — c3 + - - - converges

b. R> 2

c. R<7

d. The series ¢y — 2¢1 + 4c9 — 8c3 + - - - converges

e. The series ¢y + 7cy + 49¢co + 343¢c3 + - - - diverges
f. The series —cy + 9¢1 — 81cy + 729¢3 + - - - diverges
g. The series ¢y + 4cy + 16¢o + 64c3 + - - - diverges

4. Find a power series representation for the series and determine the radius and

interval of convergence.

a. f(z) =5 b fle) =21 e flx) = o5 d. f(z) =In(5 — )

$2

e. f(z) =2%arctanz f. f(z) = 75 & flz) =In(l+ ) h. f(z) =

iog(a) = s



5. Evaluate the indefinite integral as a power series.

t 9 tan~?! x
a'/l—tSdt b./:cln(1+x)da: c./ " d. /xln1+x dx
—1
e. /x%in(ﬁ)dw f. /%dx g. /arctan )dz h. /COS
T

6. Find the Taylor series for f(z) centered at the given value of a.
a. f(x) =Yz, a=8 b. f(r)=Inz,a=1 c. f(z)=¢e" a=4
d. f(z) =z, a=16 e gz)=-, a=4 f h(z)=In(l1+2z), a=14

Iy

7. Find the first four nonzero terms of the series for f(xz) centered at the given
value of a.

a. f(z) =sinz, a =% b. f(z) =cosz, a=7

8. Use the series to evaluate the limit

3
. . sin r—z+ %
a. lim c. lim ——=—=%

z—In(142x) b. lim 1— Cos
z—0 a? z—0 1+7— z—0

9. Fmd the sum of the series

w3 (1) b Y (1) g e 30 (—1)

d1-In2+ 8E - Bk e 3 g+ Fg LY (-

10. Approximate the value of the integrals
a. fol e **dz with an error no greater than 5 x 1074,
b. fol x cos xdx with an error no greater than 1073,

2



11. Find the Taylor series expansion of

a. f(x) = sinz centered at a = §. Then use the Taylor Polynomial 75 to approx-
imate sin(47°).

b. g(z) = bz + e 3% centered at a = 0. Then use the Taylor Polynomial T to
approximate ¢(0.1).

12. Let f(z) = Sil’l(%z). Determine the value of f©%(0).

13. Find the Taylor series for f centered at a = —3 and its radius of convergence
if f0)(~3) = 5.

o
14. Starting with the geometric series Y 2" = t1-,(—1 < z < 1), use differenti-
n=0

o0
ation to find the sum of the series ) 1.
n=1

15. Eliminate the parameter ¢ to find a Cartesian equation for the curve.

a.x=1t>—3, y=t+2, —3<t<3 b. x=sint,y=-cost, 0 <t<2rm
c.x=+t y=1—t d o=t y=1

e. v =t>, y=Int f,x=¢e,y=e



16. Match the parameteric equations with the graphs below.

Vv y y

= ,)’It—
10+ T
201
\I Y o~ \ . < 5

N u\ RN =

(I (1D (I1D) (IV)
a. x =sint, y = —t b.z=t>-9, y=8t—1¢

ccx=1—-t,y=t>—9 d ax=4t+2, y=>5—3t

17. Find % at the given value of ¢.

a.r=+t,y=72—-4,t=2 b.r=t'4+t,y=4—-t2t=1

s

c. x =cost, y =sint, t =%

18. Find the points on the curve x = 6cost, y = sin(2t), 0 < ¢t < 27, where the
tangent line is

a. horizontal

b. vertical

19. Find the length of the curve.
a. (3t+1,9—41),0<t<2 b, (e —t dez), 0<t <2

c. (3t, 4t2), 0<t <1 d. (sin3t, cos(3t)), 0 <t <

20. Which of the following are possible pairs of polar coordinates for the point
with rectangular coordinates (0, —2)7

a. (2,7) b. (2, %) c. (—2,-3)

)

d (-2,5) e (-2-3 f(2-F)



21. Find the shaded areas below.

a. The shaded region inside r = 4 cos # and outside r = 1.

c. The shaded region of the cardioid r =1 — 2 cos 8

d. The shaded area enclosed by r = cos 36 and r = %

|

",

e. The area of the region that lies inside both curves r; = 3 4+ 2cosf and 79

3+ 2siné.



22. Match the equations with the graphs
a. r = 3sin46

b. r? =4cosf

c. r=2—3sind

d.r=1+2cosf

e. r = 3cos 30

(=115

d. r=e"

(E) (F)



b
1
23. Given flat and polar curves of r = cos + sin 26, let / 5(0080 4 sin 26)%d0
be the area of the shaded region. Find a and b. ‘

r=cos#f + sin 28

)

D
T
\




Exam 3 - Review

oo
Taylor series of a function f centered at x = a is given by f(z) = ch(x —a)" where
n=0
_ ["(a) _ . s
Cp = = When a = 0, we call it a Maclaurin series.
n!

¢, = Taylor coefficient( or just coefficient) of (z — a)™.
Taylor Polynomial: T (x) = ¢y + ¢1(x — a) + co(x — a)® + ... + en(z — a)V.

The answers provided here are in the simplified form accepted on the exam with similar
questions.

1. Recall the Maclaurin series of the following functions. Make sure you know them
before you go to the exam!!! (even though this list will be provided on the exam.)

47n
n=1
( ) i x?n
b
n=0 (271)‘

3. Find Taylor series expansion of the following functions centered at given point WITH-
OUT SETTING UP THE TABLE of derivatives. Then find the radius of con-

vergence and the interval of convergence for each.

33'2

(a) f(z):@_—xg,)Q ;o =0
() f(&) = sw=0
(© f#) = (e - De* o1

4. Find the Taylor series expansion of the following functions centered at given point.

(4) (@)= 17=2



(b) f(z) = V3x+4 ;2 =7, Use second Taylor Polynomial, 75(x) to approximate
25.3.

5. Evaluate the following sums:

- 7 9 1
(@) 5551 ~ 9771 T g1 ~ 2
6 8 710
(b) =551 T 3571~ gmgy T
()i(_l)n+1 f:mn (hint for th d series: differentiat tric series)
c ————— Y —— (hint for the second series: differentiate a geometric series
n=2 n n=1 m §
o0 n 2n
6. Let f(z) = Z . Note that the radius of convergence of this series is co.
— (2n —i— 1)!

Evaluate f (7r 12)

1
7. Let F(z) = / ¢ " dt. Find the Maclaurian series for F(z). Evaluate F(1) to with an

0
error of at most 0.01.

8. Find the Maclaurin series and the radius of convergence.

(a) Flz) = /0 Ttoactan(®) o /0 L da

13
9. (a) Suppose the power series Z cn(z 4+ 2)" converges at x = —4 and diverges at x = 3.
n=0

What can you say about the convergence of the following series?

i) i(—l)”@ﬁ" (ii) icn (iii) icﬂ" (iv) icn?)” (v) ich"
n=0 n=0 n=0 n=0 n=0

(b) Let S(z) = ch(x — 6)" be a power series with radius of convergence R > 0.
n=0
Which of the following statements are possible?

(i) The series co — H5c1 + 25¢5 — 125¢3 + - - - diverges but ¢ + 2¢1 + 4 + 8¢+ - - -
converges.

(i) The series c¢g—c1 +co —cg+- - - diverges but ¢o+2c¢; +4co + 8¢z +- - - converges.
(iii) The series converges absolutely at x = 1, conditionally converges at z = 9.

> 2)4n+3

10. Let f(z) = and g(z) = arctan(z?). Determine the followings:

Z 22n+1 27’L+3)

n=

(a) f4)(2), g“9(0)



11
12

13

14

(b) f19(2), g"9(0)

. Find the equation of the tangent line to the path c(t) = (> + 1,43 — 4t) at ¢t = 3.

Convert from polar to rectangular coordinates.
T
(a) <37 g)

(b) (5, _7”)

Convert from rectangular to polar coordinates.
(a) (3,v3)
(b) (=2,2)

Let 7 = 2cos(f) — 1 on [0, 27].
(a) Solve for r =0, [0, 27]

0 =
(b) Identify the points in the flat curve below in polar coordinates (r, 6):

Label these points on the polar coordinates on the right.
Use the flat curve on the left to help sketch the polar curve r on the right.

A
2

Flat curve:

\J

-1




15.

16.

17.

18.

19.

(c) Set up an integral for the area inside 7 in the second quadrant.

b
-

df, a=_,b=

(d) Find the area above.
A =

Find the area of the region inside the curve r; = 1 and outside the curve ry =
cos(36).

Find the arc length of the parametric curve.

(a) C(t) = (e tcost,e tsint) for 0 < ¢ < 5.

(b) C:a(t) =€ —t, y(t) =4e/?, 0 <t <2

(c) C:x(t)=e*+e 2 yt)=4t—64, 0<t <1

Find the area between the 2 curves:

(a) 77 = 9cos(26), r5 = 5cos(h).

V2

Let C be the curve z(t) = cos®t + cost, y(t) = sintcost + sint. Find the ¢ values
where the curve has HTL and VTL.

(b) r? = 9cos(20), o =

Let r = 1 — 2cos(260) and its flat curve is given below on the left. Answer the same
questions as in problem 14.

flat curve

I\Jl 1
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MAC2312 Exam 3 Review

. The length of the parametric curve = = ¢! — ¢, y = 4¢/?, t € [—8, 3] is given by the integral:

A /Z(et +1)dt B. /Z 2(e" + 1)dt
D. /_Z (et —1)dt E. /_Z V2(e! +1)dt

. The polar equation = 2 cosf can be expressed as:

A (z—1)"+y+1)"=1 B. (z+12+(y—1)°=
C.(z—1)2+y*=1 D. (z —
E.(z+1)°+(y+1)7*=2

. Graph the following polar equation: r =5 — 4 cos 6

. Calculate the Taylor series representation of e** centered at 3.

> 3"z — 3)" x 30z — 3)"
n=0 n=0
ZOO 3ngn Z"O 03" (z — 3)"

. Write the Cartesian point (2,v12) in polar coordinates.

3
C./ 4(e* + 1)dt
-8

o

C. egz

n=0

(x —3)"



MAC2312 Exam 3 Review

6. Consider x = t*> — t* + ¢ and y = 3¢'. Calculate the slope and the sign (positive or negative)
of the second derivative at the point (0, 3).

A. Slope = 3, second derivative is negative
B. Slope = 1, second derivative is negative
C. Slope = % second derivative is negative
D. Slope = % second derivative is positive

E. Slope = 3, second derivative is positive

7. Which of the following describes the graph of the parametric curve given by the equations below?

= 24g]
T sin(t) 0<it<om
y = cos(t)

A. An ellipse drawn clockwise

B. A circle drawn counterclockwise
C. A circle drawn clockwise

D. An ellipse drawn counterclockwise

E. None of the others

8. Find a Taylor series for In(1 + 4x) centered at 1.

— omn
TR ek (A
c s ¢ 3 WY
o nil (—1)”:4%
£ g (—D”“;’;(!x — "



MAC2312 Exam 3 Review

9. Find the point (z,y) where the tangent line to the curve c(t) = (3t* — 2, 3t> +2t) is horizontal.

14 52 5 1
A (-2 B. (10,1 A-z,-3
( 9,9) (10,16) C<3, 3)

p. (-2 _1 E. DNE
12 4

10. Graph the following:
(a) r = cos(30)
(b) r = sin(20)

11. Find the Maclaurin series of f(z) = £ ’ 2 and determine its radius of convergence R.
-

= na" 1 = —na" 1

A flo)=) gopand R=2 B f(z) =) Sy and R=2
n=1 n=1
= na" = —na"

C.f(x):z:SHJrl and R =3 D.f(x)zzwand]%:i%
n=1 n=1
A 1

n=1

12. Suppose that ch(ac — 2)" converges for + = 4 and diverges for x = —2. Which of the
following must be correct?

A. ch(—2)" converges B. ch4" diverges

C. chS” converges D. Z cn(—1)" converges

E. ch (g) diverges

13. If f(z) = sin®(x), find £192(0).

102! 102! 102! 102! 205!
10z g, 102 c 102 p. 102 g 209
205! 205! 51! 205! 102!



MAC2312 Exam 3 Review

14. Set up an integral for the area of the region that lies inside 7 = v/3sin 6 and outside r = cos 6.

™

27 1 1
A. Area :/ 5(\/ﬁsine)%w—/ 5(oos@)?de

/3 w/3
27 1 w/2 1
B. Area = / ~(v/3sin 6)%df —/ —(cos )%dh
/6 2 /6 2
27 1 ™ 1
C. Area = / —(v/3sinh)%dh —/ ~(cos 6)%dh
/6 2 /6 2
T 1 w/2 1
D. Area = / ~(V/3sin 6)%df —/ —(cos §)%db
/6 2 /6 2
™1 w/2 1
E. Area :/ ~(v/3sinh)%do —/ —(cos 0)*dd
w/3 2 /3 2

15. Graph the following polar equation: » = 2 — 2 sin 6





